VAGUENESS AND TRUTH

Roland R. Hausser

Summary: It seems to be a foregone conclusion that natural language mean-
ings are vague. Much depends, however, on the way how vagueness is analyzed.
For example, should vagueness be treated in terms of the truth- or denotation-
conditions of expressions? Rather than proposing yet another "fuzzy" or multi-
valued logic, the present paper investigates the nature of reference and truth.
We consider various types of formal models proposed in the literature of logi-
cal semantics and discuss what they are suited as well as unsuited to treat.
Then we turn to the ontology of these models, i.e. the gquestion of what the
set-theoretic structures called a model are supposed to stand for intuitively.
Two main possibilities are contrasted. One is called the paradigm I approach,
according to which the model-strucutre is interpreted as a representation of
reality (such that the speaker/hearer is part of the model structure). The
other is called the paradigm II approach, according to which the model struc-
ture is interpreted as a representation of conceptual meaning structures (such
that the model structure is part of the speaker/hearer). It is shown that the
theoretical nature of vagueness is totally different in the two paradigms. In
conclusion, a number of standard examples of vagueness are analyzed within the
paradigm II approach, including the so-called Sorites paradox or paradox of the
heap.

Zusammenfassung: Die Annahme erscheint unvermeidlich, daB Bedeutungen in
natirlichen Sprachen vage sind. Vieles hingt jedoch davon ab, wie Vagheit ana-
lysiert wird. Sollte sie z.B. in Form von Wahrheits- oder Denotationsbedingun-
gen behandelt werden? In der vorliegenden Arbeit wird nicht eine weitere mehr-
wertige oder "Fuzzy"-Logik vorgeschlagen, sondern vielmehr das Wesen von Refe-
renz und Wahrheit untersucht. Wir betrachten verschiedene Typen formaler Mo-
delle, die in der Literatur der Logischen Semantik vorgeschlagen wurden, und
erdrtern, welche Probleme sich damit behandeln lassen und welche nicht. Dann
wenden wir uns der Ontologie dieser Modelle zu, d.h. der Frage, woflir die als
Modell bezeichneten mengentheoretischen Strukturen unseren intuitiven Annahmen
gemdfB stehen. Zwei hauptsdchliche M&glichkeiten werden gegeniibergestellt: Der
einen gemadB (die wir als Paradigma-I-Ansatz bezeichnen) wird die Modellstruk-
tur als Reprédsentation der Wirklichkeit interpretiert (so daB der Sprecher/
HOrer Teil der Modellstruktur ist), gem&B der anderen (genannt Paradigma-II-
Ansatz) wird die Modellstruktur als Reprdsentation begrifflicher Bedeutungs-
strukturen interpretiert (so daB die Modellstruktur Teil des Sprecher/Horers
ist). Es wird gezeigt, daB die theoretische Beschaffenheit der Vagheit in den
beiden Paradigmen vdllig verschieden ist. AbschlieBend wird eine Reihe von
Standardbeispielen fiir Vagheit innerhalb des Paradigma-II-Ansatzes analysiert,
darunter das sogenannte Sorites- oder Haufen-Paradox.

* k %k *x %

It is often claimed that one difference between natural languages, like
English or German, and formal languages, like predicate calculus or intensio-
nal logic, is that the former are inherently vague and inconsistent, whereas
the latter are precise and consistent. This view is not limited to logicians
who regard formal languages as a means to escape what they perceive as the
pitfalls and irregularities of natural languages, but may also be found among
linguists whose primary concern is the analysis of natural languages. LAKOFF
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(1972: 183), for example, claims that "natural language concepts have vague
boundaries and fuzzy edges and that, consequently, natural language sentences
will very often be neither true, nor false, nor nonsensical, but rather true
to a certain extent and false to a certain extent, true in certain respects
and false in other respects".

What are the consequences of this widely accepted view? If sentences are
not true or false simpliciter, but true or false to a certain degree, then
the traditional two-valued logic systems do not suffice, but must be extended
into many-valued logics. And indeed, when we look at different proposals to
treat vagueness, such as LAKOFF (1972), KaMP (1975), BLAU (1977), PINKAL
(1981), KINDT (1983), and others, we find the premises inherent in Lakoff's
formulation quoted above are accepted. The concern of these authors is the
construction of different multi-valued systems. These multi-valued logics dif-
fer insofar as they borrow motivation and/or formal proposals from different
other areas, such as probability or measurement theory d la Kolmogorov (Kamp),
mathematical topology (Kindt), supervaluations (Pinkal, Kamp), fuzzy logic &
la Zadeh (Lakoff), or three-valued logic in the tradition of Lukasiewicz (Blau).

But what is the common premise underlying these formal approaches to
vagueness? And does it adequately capture the intuitive nature of vagueness?
Let us illustrate the common premise underlying the above mentioned proposals
with a few examples: When we observe the process of slowly closing the door,
then, we are told, this raises the question at what point the sentence 'The
door is open' is still true and at what point the sentence is false. One may
even feel impelled to ask to what degree the sentence is true or false at va-
rious stages of closing the door. And similarly for the sentence 'The door is
closed'.

Another situation in which logicians and linguists have found vagueness
is the classification of colors. If an object is called red in some context,
but non-red in another context, doesn't it follow that the natural language
concept of red is vague? Indeed, if we consider applying the predicates 'z is
red' and 'x is orange' to the transition from red to orange on a color spec-
trum, the problem is similar to the first example.

The same considerations may be applied in the evaluation of an adjective
like bZg. How much bigger than the average fly must Xerxes be in order for the
sentence 'Xerxes is a big fly' to be true? Note, however, that the question
of degrees of truth and the related question of vagueness of certain words
must be clearly distinguished from certain other issues frequently brought in-
to the discussion, namely the intensionality of certain adjectives. The fact
that 'Xerxes is a big fly' does not entail 'Xerxes is a big entity' has no-
thing whatsoever to do with the vagueness of bZg. After all, there are also
vague predicates like red which are completely extensional. Thus 'Xerxes has
red eyes' clearly entails 'Xerxes' eyes are red entities'. And conversely,
there are adjectives like alleged or fake which are intensional but not vague.

The present paper deals solely with the intuitive nature of vagueness and
the proper formal implementation of vagueness within model-theoretic seman-
tics. As such it will be concerned with the nature of reference. The syntac-
tico/semantic treatment of comparatives (e.g. 'x is bigger than y') the dis-
tinction between intensional and extensional predicates, and other questions
of this kind will be left to other occasions.

Our treatment of vagueness proceeds from different basic assumptions than

the aforementioned approaches in that for us vagueness is essentially a prag-
matic phenomenon. We will show that the construal of semantic vagueness in the
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above examples is an absurd artefact of a misguided ontological interpretation
of model-theoretic semantics. For us, neither the literal meaning of 'The door
is open' nor of 'This stone is red' is vague. Vagueness does not arise in the
literal meaning concepts of natural language concepts (pace Lakoff), but ra-
ther in the pragmatic process of reference, which we define as the matching
relation between the sharply defined concepts of natural language meanings
(so-called icons) and the contextual objects to which these icons refer. Thus
we propose to treat vagueness in terms of the pragmatic notion of language

use (reference) rather than the semantic notion of truth~ or denotation-con-
ditions.

Our analysis of vagueness differs from the traditional treatments within
formal logic in that it does not add yet another multi-valued system to those
already in existence. This is not because we agree with certain conservative
logicians who want to retain traditional two-valued systems and/or see no use
in the logical analysis of natural language meaning. On the contrary, we be-
lieve firmly in the model-theoretic analysis of natural language meaning with-
in the general framework of Montague grammar. Furthermore, we have beenusing a
non-bivalent logic (namely a presuppositional intensional logic based on par-
tially defined functions and logical connectives defined & la Kleene) in order
to describe so-called P-induced semantic presuppositions (HAUSSER, 1976).

But whereas semantic presuppositions are a denotation conditional proper-
ty of natural surface expressions, vagueness is not. For this reason it is
mistaken to treat presupposition failure and vagueness in terms of the same
formal system, i.e. a semantics based on multi-valued logic. The origin of
this mistake is the failure of traditional model-theoretic systems to distin-
guish between semantics and pragmatics. Semantics deals with the truth- (or
rather denotation-) conditional analysis of the literal meaning of natural
language expressions. Pragmatics, on the other hand, analyzes the use of na-
tural language expressions by a speaker/hearer relative to a context.

In order to give our alternative approach to vagueness a precise charac-
terization within model theory, we consider in section ! different possible
interpretations of existing model-theoretic systems. One possibility is treat-
ing the model structure as a representation of reality, with the consequence
that the speaker/hearer(s) are part of the model structure. This approach is
the presently most widely accepted interpretation of the model structure and
will be called the paradigm I approach. The other possibility is treating the
model structure as something conceptual, with the consequence that the model
structure is part of the speaker/hearer (formalized as a speaker simulation
device or SID). This second ontological interpretation of the model structure
has been advocated in HAUSSER (1980b, 198la, b, 1982) and will be called the
paradigm II approach.

One important advantage of the paradigm II approach is the clear separa-
tion of the semantic and the pragmatic interpretation of a token. The semantic
interpretation consists (roughly speaking, cf. section 3 for details) in the
SID-internal construction of a model that makes the sentence true (the so-cal-
led token model). The pragmatic interpretation, on the other hand, consists
in matching the token model with the so-called context model, defined as what
the SID perceives and remembers at the moment of interpretation. It is this
particular set up of the paradigm II approach that provides the basis for our
alternative treatment of vagueness.

After describing the basic features of the paradigm I and the paradigm
II approach in section 1, we turn in section 2 to a comparison of the two para-
digms, especially with regards to the respective treatment of truth and vague-
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ness. In section 3 we show that presupposition failure and vagueness are com-
pletely different phenomena in a paradigm II system. Section 4 discusses the

treatment of several examples of vagueness in a paradigm II system and propo-
ses a solution to the so-called Sorites paradox.

1. Formal model theory and its ontological interpretation

What is the nature and the function of a formal model in logic? Logic
originated as a theory of deduction. The goal was and is to derive valid con-
clusions from given premises. Thereby, two types of sentences are distin-
guished. Those which are true (tautologies) or false (contradictions) solely
on the basis of their syntactic structure. And those whose truth-value depends
on the "situation” to which they refer (contingent sentences). For example,
the sentence 'John walks or John doesn't walk' is always true because of its
tautological structure, but the sentence 'John walks' depends for its truth-
value on the situation under consideration.

Model-theoretic semantics (in the tradition of WITTGENSTEIN, 1922, CAR-
NAP, 1947, KRIPKE, 1963, and MONTAGUE, 1974) provides a formal (set-theoretic)
description of the situations relative to which contingent sentences may be
interpreted. We say 'John walks' is 1 (true) relative to a model Q" if the
denotation of Jokn in @" is an element of the set denoted by walk in am:

(1 John walks

In this sense, model theoryprovides for a truth-conditional (or denotation-
conditional) characterization of the meaning of contingent sentences ( as well
as their parts). But it is obvious that this set up does not provide for a
distinction of semantics (literal meaning of expressions) and pragmatics ({use
of the expressions by a speaker relative to a context).

1.1. Definition of a model structure @ and its models a"

(1) illustrates the most basic type of model @" =df. (4,F), where A is
the set of individuals (or entities), and F is a denotation function which
assigns each constant of the language (e.g. John, walks, unicorn, etc.) an
element of A® (i.e. the power set over A) whereby the semantic type ot the
denotation must correspond to the category of the constant. This kind of model
is also suitable for the definition of the usual quantifiersvx (for all x) and
3r (there is at least one x), which are defined and interpreted relative to
the model. The system is limited insofar, however, as it allows to model only
one stationary situation. Some logicians, e.g. Quine, see no need to add a
time structure to this stationary model because they are interested in model-
ling scientific truth, which is seen as constant.

If we want to model the history of science or if we want to account for
the tense system of natural language, on the other hand, the staticnary model
A% does not suffice. In order to relativize situation descriptions to differ-
ent moments of time and possible worlds, the above model @"may be expanded into
the so-called model structure d=df. (4,7,J,<,F) (e.g. MONTAGUE, 1973). There-
by A and F are defined as in @", I is a second basic set, regarded as a set
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of possible worlds, J is a third basic set, regarded as a set of moments of
time, and < is the linear ordering on J (so that for any two moments of time
F1, J2, we can say whether ji is earlier than j, or not).

Technically speaking, the model structure @ is simply a set of models
which are arranged in terms of the index-structure constructed as the carte-
sian product of I X J. Thus a sentence like John walks® #1319 is interpreted
not only relative to a model structure @ (and a variable assignment function
g), but also relative to an index (Z,J) in the model structure @. (2 Z,J) ren-
ders the model @" in & relative to which the sentence is to be interpreted.

A model structure @ of the indicated kind permits the definition not only
of the guantifiers Vx and 3x relative to 4, but also of the tense operators W
('it will be the case') and H ('it has been the case') relative to J, and the
modal operators O ('it is necessary') and ¢ ('it is possible') relative to
I X J. It allows furthermore the definition of so-called intensions. An inten-
sion is a function from the index-set into extensions:

(2) intension: I X J — extension

For example, the property of walking (i.e. a certain intension) is defined as
that function which at each index (%,j) renders the extension of walk, i.e.
the set of walkers in the model at that index. And a proposition (i.e. the
intension denoted by a sentence) is defined as a function from I X J into the
truth-values.

Model structures permit a refinement in the denotation-conditional des-—
cription of natural language meanings (as compared to the extensional model at
defined above). For example, they allow a formal reconstruction of the Fregean
distinction between sense (Sinn) and denotation (Bedeutung) in terms of the
notions 'intension' and 'extension', respectively. This, in turn, permits the
treatment of so-called intensional predicates (cf. MONTAGUE, 1973) or opaque
contexts. As far as the distinction between semantics (literal meaning of ex-
pressions) and pragmatics (use of the expression by a speaker relative to a
context) is concerned, however, intensional model structures @ fail in the
same way as the extensional models ar.

1.2. Reference and the ontological question

Model theory as described so far is very well suited to formally describe
certain aspects of natural language meaning. But how should it be expanded to
handle vagueness? In order to answer this question we must first clarify

(3a) what the model structure @ with its models a" is supposed to stand
for, and

(3b) how reference, i.e. the relation between an expression and the ob-
ject referred to, is supposed to come about.

These two questions are clearly related. Reference is usually defincd as the
relationbetween a language expression and the corresponding object of the mo-
del structure. If the model structure is interpreted as a representation of
(actual or - in modal systems - possible) reality, then reference constitutes
the whole relation between the language expression and the objects of the
(model-theoretically simulated) real world. If semantics deals with the com-
plete meaning connection between expressions and the world, then there is no
room for a separate pragmatic analysis and reference is part of semantics.

Alternatively, let us consider the possibility of a system where refer-

ence is not the only and whole connection between the language expressions and
the objects of the world. In such a system, the model-theoretic objects could
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be interpreted as concepts, standing for the real things (at least in certain
instances) but not identical with the real things. If we make this assumption,
then reference may be defined as a subsegment of a complex mapping from ex-
pressions to objects of reality. Candidates for such a submapping are (i) the
relation between the expression and the concept and (ii) the relation between
the concept and the real object.

In as much as we are dealing with concepts, it seems natural to assume
that part of the real-token/real-object mapping is constituted by the informa-
tion processing inside the speaker/hearer. It will become apparent that this
particular choice of an ontology for the model structure (i.e. this specifi-
cation of what the model structure is supposed to stand for) is of greatest
importance for the way the original deduction system is to be expanded to
handle phenomena arising with natural language, such as non-literal uses, con-
text-dependency, propositional attitudes, etc.

Our two assumptions, namely (i) that the model structure represents some-
thing conceptual, and (ii) that the model structure is regarded as part of
the speaker/hearer (formalized as a speaker simulation device or SID), not
only harmoniously complement each other, but also render a number of natural
implications which immediately lead to a much more specific notion of which
submappings the real-token/real-object mapping is composed of. One conseguence
is a distinction between the SID-external reality and its representations in-
side the SID, whereby the latter is called the (SID-internal) context-model.
The correspondence of the context-model with the outside reality is described
by the submapping called perception. The context-model is also determined by
a second input component, called the SID-internal memory.

A second consequence of our SID-based token representation is the dis-
tinction between the real token and the SID-internal token representation. The
correspondence between the real token and the token representationis described
by the submapping called verbal processing. Verbal processing is called arti-
culation if the real token is a replica of the SID-internal token representa-
tion. Verbal processing is called recognition if the token-representation is
a replica of the external token. The SID-internal token representation differs
from the real token in that (i) it incorporates only the linguistically rele-
vant properties of the token surface and in that (ii) it includes in addition
a logical (model-theoretical) representation of the literal meaning of the
token surface, which we call the token-model. We say that the surface of the
token representation denotes its token-model(s). The token model will be de-
fined in section 3.1 and is regarded as a set-theoretic icon of the literal
meaning associated with the token surface.

Verbal processing is obviously the first segment of the real-token/real-
object mapping, while perception is obviously the last segment of this mapping
(assuming an SID-based ontology). Each of these two segments provides us with
an SID-internal conceptual structure, one called the token-model, the other
called the context-model. We complete the real-token/real-object mapping by
defining a subsegment relating the token-model and the context-model. This
subsegment is called pragmatics and defined in terms of matching the token-
model and the context-model. Part of this matching relation is reference. We
distinguish different types of pragmatic matching, such as what we call lite-—
ral use (defined as an exact correspondence between the token- and the con-
text-model, i.e. there is a prover embedding of the token-model in the con-
text-model), Zronte use (defined as a correspondence with striking contrast
between the token- and the context-model), metaphoric use (defined as a cor-
respondence of analogy between the token- and the context-model), etc.
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Note that our SID-based reconstruction of the real-token/real-object map-
ping renders two notions of meaning (in accordance with HAUSSER, 1980b, 1981a,
b, 1982). They are meaningl, defined as the compositionally encoded literal
meaning of the token surface, and meaningz, defined as the speaker meaning of
the utterance. The need to distinguish between these two types of meaning be-
comes obvious when we consider the literal and the ironic use of a sentence
like 'That's real nice weather today'. We say that this expression has the
same literal meaning {(icon) in both use situations, but this icon is used to
convey different speaker meanings. We relate meaning1 and meaninq2 in terms
of the following formula:

form

._1{ relative to a context = meaning2
meaning

(4) use of {
Thereby, the form is the SID-internal representation of the token surface,
meaning is the correlated token-model, context is the SID-internal context—
model, and use is defined as the matching of the token- and the context-model
(cf. section 3.1 below for details), whereby properties of the token surface
may also play a role in the pragmatic interpretation (cf., for an example,
HAUSSER, 1982: 127).

1.3. A comparison of paradigm I and paradigm II systems

Let us call a system based on the traditional (realistic) model-theoretic
ontology a paradigm I system and a system assuming our SID-~based ontology a
paradigm II system. Paradigm I systems assume that the model structure is a
representation of reality and that reference is a direct relation between the
real token and the real object. Paradigm II systems assume that there are two
model structures, one for representing the literal meaning of the language
token in gquestion, the other for the representation of the SID-internal utter-
ance context. As a consequence, paradigm II systems construct the real-token/
real-object relation as a complex mapping, consisting of verbal processing,
pragmatics (including reference), and perception. Consider (5a) and (5b),
where the differences between paradigm I and paradigm II systems are repre-
sented schematically:

(5a) Paradigm I (5b} Paradigm II
VERBAL PROCESSING

token represen-

real token real token — |— ration
denotation denotation
(= reference)

real object token model

(model-theoretic reality) .
«  PRAGMATICS

PERCEPTION + (reference)

real object —| |— context model
(outside reality)

According to paradigm I, there is only one notion of truth, reference and de-
notation are the same, and there is no distinction between the objects denoted
by language expressions and the objects of reality. According to paradigm II,
on the other hand, there are altogether five notions of truth (as will be ex-
plained in section 2.1 below), reference is defined as part of the token-/con-
text-model matching, and denotation is defined as the relation between the
token surface representation and the token meaning, represented in terms of
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the token model.
1.4. Some problems of the paradigm I approach

The most pressing question raised by the paradigm I system is: Where does
the speaker/hearer come in? Since the model structure is interpreted as a re-
presentation of reality, the speaker(s) must be part of the model structure.
But what about cases where the speaker enters into the model-theoretic inter-
pretation of language, such as the interpretation of indexicals. The standard
proposal to extend paradigm I systems to a treatment of personal pronouns like
I, you, we, adverbs of time and space like here, now, this, etc., studiously
avoid any specifics on the "speaker/hearer-question”.

This is exemplified by the so-called coordinates approach (Montague, Lewis),
where the meaning of such pronouns as I and you is specified arbitrarily by
additional model-theoretic parameters S (for speaker) and H (for hearer). Thus
a sentence like I am hungry is interpreted relative to a model-structure a, a
point of reference (Z,j) (c.f. section 1.1 above), and furthermore relative
to a speaker 8 (s € S) and a hearer 4 (h € H). (In the case of I am hungry on-
ly the value of 8 is truth-conditionally relevant, because only the pronoun I
occurs in the sentence (no you!).)

On the one hand, this treatment of indexicals is clearly within paradigm
I model-theory. But what is the theoretical nature of reference in this sys-
tem? Intuitively, reference is sometimes equated with what we observe to be
true (Carnap), but technically speaking the coordinates approach does nothing
more than assign referents to context-dependent expressions. This assignment
is by definition and thus arbitrary. Consequently, there is no natural way to
treat contextual interrelations among indexicals within the coordinates ap-
proach. Such interrelations are constituted by the fact that, e.g. I means you
in the ears of the hearer, while in the mind of the speaker I means I; and
conversely, you means I in the ears of the hearer, but you means you in the
mind of the speaker (for a more extensive discussion see HAUSSER, 1980b: 197££.).

Another problem with the absence of the speaker/hearer in paradigm I mo-
del theory is the analysis of so-called non-literal uses, such as ironic, me-
taphoric, etc., uses. Since there is only one notion of meaning (if at all),
defined as a direct relation between expressions and the model-theoretic rea-
lity, the only way to treat such non-literal uses is by postulating syntacti-
co/semantic ambiguities. But analyzing the ironic use of, e.g., That's really
nice weather logically as The weather is not so nice amounts to overextending
ad absurdum the notion of syntactic ambiguity, i.e. an ambiguity caused by the
syntactic structure of the surface expression, as in Flying planes can be dan-
gereous (CHOMSKY, 1965) or They don't know how good meat tastes (CHOMSKY, 1966).

A third problem characteristic of paradigm I model theory is the treat-
ment of propositional attitudes. For example, the sentence 'John believes that
Cicero denounced Catiline' implies 'John believes that Tulli denounced Cati-
line' only if the sentence 'John believes that Cicero is Tulli' is true. This
means that in order to adequately treat this inference the paradigm I model
structure must describe not only the objectively given real and possible
worlds, but also the subjective belief-worlds of all the speakers and hearers
it contains. For an alternative solution within the paradigm II see HAUSSER
(1982: 39ff. and section 7).

Last but not least consider the problem of treating vagueness in the pa-

radigm I model theory. One proceeds by assuming the vagueness of natural lan-
guage concepts, treated in terms of different degrees of truth (or absence of
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